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Exat Density of States for nite Gaussian Random Matrix Ensembles via
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We alulate the exat density of states (DOS) for the three lassial and two non-lassial Random
Matrix Ensembles for nite matrix size N using supersymmetri integrals. The 1/N−Expansion
yields already in lowest order good approximations to the exat result even for small values of N ∼ 5.
We onjeture a onnetion between the N−dependene of the osillating part of the DOS and the
short-distane behavior of the two-level orrelation funtion.
PACS numbers: 02.50.Ey,05.45.+b, 21.10.-k, 24.60.Lz, 72.80.Ng
I. INTRODUCTION
Random Matrix Theory (RMT) has beome a well-
established tool to desribe the statistial properties of
the energy levels of quantum many-partile systems in
the ergodi regime
1
. It is based on the assumption that
(apart from global symmetry onditions as spin rotation-
or time reversal invariane) the Hamiltonian H of a sys-
tem with N states is desribed by a probability distribu-
tion
〈Hij〉 = 0, 〈HijH∗kl〉 = gδikδjl.
RMT derives the statistial properties of the eigen-
values of H from this distribution of its matrix ele-
ments. Whereas most of the appliations are still en-
tered around the three lassial Wigner-Dyson (WD) En-
sembles, the Gaussian unitary, orthogonal and sympleti
ensembles (GUE, GOE and GSE), there is also interest
in ertain generalizations of the standard ases, leading
to seven additional symmetry lasses, whih dier from
eah other by their behavior under a set of disrete spae-
time transformations. Three of them are the hiral ana-
logues to the WD-Ensembles and four are relevant for
mesosopi normal-superonduting hybrid systems
2
.
RMT is a soluble desription of the statistis of disor-
dered and haoti systems in the sense that all n−level
orrelation funtions an be omputed in priniple ex-
atly. The most important of these orrelation funtions
is the two-level orrelation funtion as it ontains already
the main information about the repulsion of neighboring
levels and diserns the three WD-Ensembles unambigu-
ously. Several mathematial tools are available to om-
pute these orrelation funtions, e.g. the method of or-
thogonal polynomials
3
, or the sypersymmetri method
4
.
The last method maps the matrix ensemble to a zero-
dimensional non-linear sigma-model in the limit of large
matrix size N . Beause then the limit N →∞ is impliit
in all alulations, it is not possible to study diretly
∗
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nite-size eets, i.e. the dependene of the average level
spaing ∆(E) at energy E on N .
Instead one is fored to x a ertain saling of the
overall normalization of H with N . In this way the two
energy sales, the bandwidth 2Emax and the mean level
spaing ∆(E), are entangled with the matrix size. Either
the bandwidth is kept at a xed nite value (marosopi
saling) or the mean level spaing ∆(E) ∼ 1 at a ertain
energy E (mirosopi saling). The rst saling is used
for the DOS (and yields the semi-irle for N →∞), the
seond is appropriate to extrat the universal level repul-
sion. The non-lassial Ensembles (we will treat lass D
and Class C in this artile) show harateristi features of
the DOS, deviating from the lassial ensembles, but this
was alulated only in the mirosopi saling limit.
2,5,6
The DOS varies strongly on the sale of the level spaing
for E ∼ 0, and beomes therefore dependent on the posi-
tion within the spetrum. In this ase the usual unfolding
proedure whih normalizes the DOS to a onstant over
many onseutive levels is inappliable. The question
arises, whether the new features of the DOS survive the
marosopi saling ∆(E) ∼ 1/N leading to a nite band
width, whih is the physial relevant ase for solid state
appliations. It seems therefore advisable to ompute the
DOS exatly for nite N and to study its behavior in the
limit N → ∞ using this formula. The only results for
nite N were so far obtained via the orthogonal poly-
nomial method. We will show in the following that the
supersymmetri method an be used as well while being
tehnially simpler and more versatile.
The outline of the paper is as follows: In setion II we
study the simplest ase, the GUE, and explain in detail
how the exat DOS for nite N an be obtained. We then
use a saddle-point method to derive a 1/N -expansion.
This expansion is not based on a supersymmetri saddle-
point manifold but to the ontrary is eeted by exat
integration over the fermioni variables, whih inevitably
breaks expliit supersymmetry. Taking into aount the
quadrati utuations of the remaining bosoni variables
yields then already exellent approximations to the ex-
at result for small N and everywhere in the spetrum
exept at the band edge, where the 1/N−expansion di-
verges. In Setion III we give the exat DOS for nite
2N of the orthogonal and sympleti ensembles as well
as lass C and D. These ensembles are espeially simple
among the non-lassial ones beause the joint eigenvalue
distribution an be assoiated with free fermions on a line
in an external potential
2
. Nevertheless the alulations
of the DOS beome only simple if the onning part of
the potential is negleted, orresponding to mirosopi
saling, thereby loosing all information about the relation
between ∆(E) and N whih is just given by the onne-
ment. Therefore we treat Class C/D here together with
the WD-Ensembles. Regarding the level repulsion they
belong to the unitary universality lass, i.e. without time
reversal invariane (see below). Our method, of ourse,
extends to all other Gaussian Ensembles as well. Se-
tion IV ontains the 1/N−expansion around the bosoni
saddle-points for GOE, GSE and Class C/D. We observe
a relation between the N−dependene of the osillatory
part of the orretion terms and the short distane be-
havior of the two-level orrelation funtion. Then we
determine the average level spaing in the band enter,
where the DOS of lass C and D deviates strongly from
the (onstant) behavior known from the WD-Ensembles,
in a way independent from any saling assumption. Se-
tion V ontains a summary of our results.
II. THE UNITARY ENSEMBLE
The ensemble onsists of omplex hermitian N × N
Matries H = H†. We represent the DOS at omplex
energy z (Im z > 0) as the following expetation value
(summation onvention is understood):
〈n(z)〉 = 1
piN
Re
∫
D [φ, φ†, H]x∗i xie−SH . (1)
Here φ = (xi, ψi)
T , φ† = (x∗i , ψi) is a vetor with N
bosoni and N fermioni omponents. We set the vari-
ane of H to g = 1/2. The ation reads
SH = iφ
†
i (Hij − zδij)φj + trH2 . (2)
Integration over H yields an eetive ation
S4 = −izφ†iφi +
1
4
trg(φiφ
†
i )
2 . (3)
A Hubbard-Stratonovih transformation to Q−variables
(the q, p are bosoni and the ϑ, ϑ are fermioni),
Q =
(
q ϑ
ϑ ip
)
, (4)
gives an ation bilinear in φ:
SQ = iφ
†
i (Q− z)φi + trgQ2 . (5)
Now we integrate over the φ−elds and the Grassmann-
variables ϑ, ϑ exatly to get an ation, whih depends
only on the two real variables q and p. The DOS reads
〈n(z)〉 = −2
piN
Im
∫
D [Q] qe
−trgQ2
detg(Q− z)N =
−2
piN
Im
∫
dp dq
pi
qe−p
2−q2 (ip− z)N
(q − z)N
(
1− N
2(q − z)(ip− z)
)
. (6)
If we now set z = E+ iε with E ∈ R and perform the in-
tegration over p and q, we get the exat nite−N result3
〈n(E)〉 = e
−E2
2NN !
√
pi
(
H2N (E)−HN+1(E)HN−1(E)
)
,
(7)
where Hn(E) denotes the n−th Hermite polynomial. To
perform an expansion around the limit N =∞, we intro-
due a resaled energy variable x = E/
√
N . With this
saling the band width beomes nite and the DOS a on-
tinuous normalizable distribution in the limit N → ∞.
After the resaling (whih is done for p and q as well) we
get for the DOS (after integration over ϑ, ϑ but before
integration over p and q)
〈n(x)〉 = −2
pi
Im
∫
dp dq
pi/N
qe−Np
2−Nq2 (ip− x)N
(q − x)N
(
1− 1
2(q − x)(ip− x)
)
, (8)
whih an be written as
〈n(x)〉 =
∫
dp dq e−NS(p,q,x)f(p, q, x) . (9)
The large prefatorN in the exponent allows for a saddle-
point approximation of the p, q−integrals in the usual
3way. We get four solutions of the saddle-point equations
q± = x/2± i/2
√
2− x2 , p± = −iq± . (10)
The stability matrix is
∂2S
2∂q2
= 1− q2± = ±i
√
2− x2q± =: ∆± (11)
∂2S
2∂p2
= ∆± (12)
∂2S
∂p∂q
= 0 . (13)
Figures 1 and 2 show the loation of the saddle-points in
the omplex plane along with their stable diretions and
possible integration paths. The integral (6) onverges
q=x
q
Re
Im
FIG. 1: The saddle-points of q and possible integration paths.
Solid lines denote the stable diretions and dotted lines the
unstable diretions.
Im
Re
p
FIG. 2: The saddle-points for p.
only for Im z > 0. This means, that the integration-
path of q must pass below the singularity at q = x.
This fores us to use only the saddle-point q− of the
q-integration: A path of integration whih also rosses
q+ leads through the region between the two saddle-
points, where the integrand of (8) is large. Therefore
the orret hoie for the path of integration over q is the
solid line in gure 1. In ontrast it is possible to use an
integration-path whih goes through both saddle-points
for the p−integral, whih is shown in gure 2.
After the hange of variables
q → q− + δq√
N∆−
p→ p± + δp√
N∆±
(14)
we may perform an expansion in δq and δp, whih denes
the 1/N−expansion. The ation S(1)SP = S(q−, p−) van-
ishes and yields the well-known semi-irle law as the only
ontribution surviving in the N →∞−limit. The ation
S
(2)
SP = S(q−, p+) does not vanish but is purely imaginary
and yields a ontribution ∼ e−NS(2)SP of modulus 1. This
ontribution disappears in the N = ∞−limit, beause
the fator (1− 12(q−x)(ip−x)) vanishes for q = q−, p = p+.
It yields, however, an important osillatory ontribution
∝ 1/N , whereas the (non-osillatory) orretions to the
rst saddle-point (q−, p−) start with order 1/N
2
. The
nal result is
〈n(x)〉 =
√
2− x2
pi
− (−1)
N cos [NS0(x)]
pi
√
2N(2− x2) +O
(
1
N2
)
(15)
with
S0(x) = S
(2)
SP (x) = x
√
2− x2 + 2 arcsin(x/
√
2) (16)
and
S′0(x) = 2
√
2− x2 = 2pin0(x) . (17)
where the zeroth order approximation to the DOS (the
semi-irle) is written as n0(x) = (1/pi)
√
2− x2. The
exat density of states and the 1/N− approximation is
shown in gure 3. From (16) and (17) we note that the
-1.5 -1 -0.5 0 0.5 1 1.5
<
n(x
)>
x
FIG. 3: Exat DOS of the GUE for N = 7. The dashed line
is the 1/N−approximation.
number of maxima of the osillatory 1/N−term equalsN
and the loal width between two maxima sales as the in-
verse of the DOS in zeroth approximation. The positions
of the maxima give therefore the loations of eigenvalues
for a typial realization of a random matrix from the
GUE with one state per maximum on average. Identi-
fying the distane between to adjaent maxima with the
average level spaing at x = E/
√
N , we get for large N
the following expression for ∆(E):
∆(E) ≈ 1√
Nn0(E/
√
N)
(18)
whih is valid for E not too lose to the band edge. The
1/N -expansion diverges obviously at the band edge, be-
ause the saddle-points oalese and as a onsequene the
stability matrix vanishes.
4III. THE OTHER ENSEMBLES
The elements of the orthogonal, sympleti and Class
C/D ensembles are onveniently represented as 2N×2N -
matries having a 2×2-blok struture:
H =
(
A B
C D
)
, (19)
where the N×N−matries A,B,C,D fulll a set of on-
ditions dening the dierent ensembles. We set the vari-
ane of H to g = 1 in the following, whih yields a band-
width of 4 in all ases.
The orthogonal Ensemble
The elements of the GOE are real symmetri 2N×2N -
matries: H = HT = H∗. To simplify alulations, it is
onvenient to use instead of H the unitary equivalent ma-
trixM = UHU † with U = exp(i(pi/4)σ1)⊗1N , where σ1
is a Pauli matrix ating on the 2× 2−bloks. If H is real
symmetri, M fullls the relation M = σ1M
Tσ1. This
entails the following relation among the blok matries
M =
(
A B
B† AT
)
, (20)
where A is a hermitian N ×N−matrix and B is omplex
symmetri. As in setion II, we write for the DOS
〈n(z)〉 = 1
2piN
Re
∫
D [φ, φ†,M] (x∗1ix1i)e−S , (21)
with φ = (x1, x2, ψ1, ψ2)
T
, where the x1/2, ψ1/2 are
N−dimensional omplex bosoni, resp. fermioni vetors
and S reads
S = iφ†(M − z)φ+ 1
2
trM2 . (22)
Now we introdue the notation
χ1j = (x1j , x
∗
2j , ψ1j , ψ2j)
T , χ2j = (x2j , x
∗
1j , ψ2j , ψ1j)
T
(23)
(j is the index of the N−dimensional tensor omponent)
together with the transposition
χt1j = (x
∗
1j , x2j , ψ
∗
1j ,−ψ2j) , χt2j = (x∗2j , x1j , ψ∗2j ,−ψ1j) .
(24)
After Integration over M , we get the quarti ation in
χ, χt:
S4 = −iχt1iχ1i +
1
8
trg(χ1iχ
t
1i + χ2iχ
t
2i)
2 . (25)
After transformation to the Q-matrix
Q =


q1 q
∗
2 ϑ1 −ϑ2
q2 q1 ϑ2 −ϑ1
ϑ1 ϑ2 ip 0
ϑ2 ϑ1 0 ip

 (26)
we obtain
〈n(z)〉 = −1
piN
Im
∫
D [Q] q1e
− 12 trgQ
2
detg(Q− z)N , (27)
with
detgQ =
Q
(ip)2
exp
(
− 2
Q(ip)
(q1Θ1 − q2Θ2 − q∗2Θ2)−
2Θ2Θ2
Q(ip)2
)
(28)
and Q = q21 − q2q∗2 , Θ1 = ϑ1ϑ1 + ϑ2ϑ2, Θ2 = ϑ1ϑ2.
Note that the Grassmann-integration ontains now quar-
ti terms in ϑ, ϑ, whih an nevertheless be done exatly.
The result is (q = q1, r = q2q
∗
2):
〈n(z)〉 = −1
piN
Im
∫
dpdq
pi
dr e−p
2−q2−rq
(ip− E)2N
[(q − z)2 − r]N
(
1− 2N(q − z)
[(q − z)2 − r] (ip− z) +
(2N − 1)N
2 [(q − z)2 − r] (ip− z)2
)
. (29)
Setting now as above z = E + iε and integrating over p, q and r, we obtain the exat DOS in terms of Hermite-
polynomials and the error-funtion:
〈n(E)〉 = e
−E2
4NN
√
pi
(
H2N−1(E)
2 −H2N (E)H2N−2(E)
(2N − 2)! −
H2N−1(E)
(N − 1)!
(
N−1∑
k=1
2k!
(2k)!
H2k−1(E)−
√
pi
2
e
E
2
2 erf
E√
2
))
(30)
The sympleti Ensemble
Here we have
H =
(
A B
B† AT
)
(31)
with A hermitian and B omplex antisymmetri. Pro-
eeding as in the ase of the GOE (the denition of χ, χt
5is the same), we nd the quarti ation
S4 =
1
8
trg(χ1iχ
t
1i + Σ3χ2iχ
t
2iΣ3)
2, (32)
where Σ3 = σ3⊗1N . The orrespondingQ−matrix reads
now
Q =


q 0 ϑ1 ϑ2
0 q −ϑ2 −ϑ1
ϑ1 ϑ2 ip1 ip
∗
2
ϑ2 ϑ1 ip2 ip1

 , (33)
and the DOS reads,
〈n(z)〉 = −1
piN
Im
∫
D [Q] qe
− 12 trgQ
2
detg(Q− z)N (34)
with
detgQ−1 =
P
q2
exp
(
2
Pq
(ip1Θ1 − ip2Θ2 − ip∗2Θ2)−
2Θ2Θ2
Pq2
)
(35)
and P = (ip1)
2− (ip2)(ip∗2), Θ1 = ϑ1ϑ1 +ϑ2ϑ2 and Θ2 =
ϑ2ϑ1. Setting p = p1 and r = p2p
∗
2, eq.(34) reads after
integration over the Grassmann variables,
〈n(z)〉 = −1
piN
Im
∫
dpdq
pi
dr qe−p
2−q2−r
[
(ip− z)2 + r]N
(q − z)2N
(
1− 2N(ip− z)
[(ip− z)2 + r] (q − z) +
(2N + 1)N
2 [(ip− z)2 + r] (q − z)2
)
(36)
and
〈n(E)〉 = e
−E2
(2N)!
√
pi
(
1
4N
(
H2N (E)
2 −H2N+1(E)H2N−1(E)
)− N !
2N
H2N (E)
N−1∑
k=0
H2k(E)
4kk!
)
. (37)
Class D
The elements of lass D are parameterized as
H =
(
A B
B† −AT
)
, (38)
with A hermitian and B omplex antisymmetri. The
quarti ation reads (in the notation above)
S4 =
1
8
trg
(
(χ1iχ
t
1i + χ2iχ
t
2i)Σ3
)2
, (39)
and the Q-matrix
Q =


q1 q
∗
2 −ϑ1 −ϑ2
q2 −q1 ϑ2 ϑ1
ϑ1 ϑ2 ip 0
ϑ2 ϑ1 0 −ip

 . (40)
For 〈n(z)〉 we get
〈n(z)〉 = −1
piN
Im
∫
D [Q] q1e
− 12 trgQ
2
detg(Σ3Q− z)N , (41)
with
detgΣ3Q =
Q
(ip)2
exp
(
− 2
Q(ip)
(q1Θ1 − q2Θ2 + q∗2Θ2)−
2Θ2Θ2
Q(ip)2
)
(42)
and Q = q21 + q2q
∗
2 , Θ1 = ϑ1ϑ1 − ϑ2ϑ2, Θ2 = ϑ1ϑ2. The
integrand of (41) ontains a pole depending on q = q1
and r = q2q
∗
2 . To irumvent it, we have to deform the
integration path into the omplex plane:
q → e−ipi/4q + εeipi/4 tanh(q/ε) (43)
√
r → eipi/4√r + εe−ipi/4 tanh(√r/ε) (44)
for Re z > 0 and ε must be small enough: 0 < ε <
(Im z +Re z)/
√
2. We nd then
6〈n(z)〉 = −1
piN
Im
∫
dp dq
pi
dr qe−p
2−q2−r (ip− z)2N
[(q − z)2 + r]N
(
1− N(2N − 1)
2 [(q − z)2 + r] (ip− z)2
)
(45)
and
〈n(E)〉 = −(−1)
Ne−E
2
N !4N
√
pi
(
(−1)N (N − 1)!
(2N − 2)! H2N (E)H2N−2(E) + 2EH2N−1(E)
(
N−1∑
k=1
(−1)kk!
(2k)!
H2k(E) + 1 +
1
2E2
))
.
(46)
Class C
The parameterization reads
H =
(
A B
B† −AT
)
(47)
with A hermitian and B omplex symmetri. The quarti
ation is:
S4 = trg(χ1iχ
t
1iΣ3 +Σ3χ2iχ
t
2i)
2 , (48)
with the Q−matrix

q 0 −ϑ1 ϑ2
0 −q −ϑ2 ϑ1
ϑ1 ϑ2 ip1 ip
∗
2
ϑ2 ϑ1 ip2 −ip1

 . (49)
We have
〈n(z)〉 = −1
piN
Im
∫
D [Q] q1e
− 12 trgQ
2
detg(Σ3Q− z)N , (50)
with
detg(Σ3Q)
−1 =
P
q2
exp
(
2
Pq
(ip1Θ1 + ip2Θ2 − ip∗2Θ2)−
2Θ2Θ2
Pq2
)
(51)
and P = (ip1)
2 +(ip2)(ip
∗
2), Θ1 = ϑ1ϑ1−ϑ2ϑ2 and Θ2 =
ϑ1ϑ2. With p = p1, r = p2p
∗
2 the result reads
〈n(z)〉 = −1
piN
Im
∫
dp dq
pi
dr ep
2−q2−rq
[
(ip− z)2 − r]N
(q − z)2N
(
1− N(2N + 1)
2 [(ip− z)2 − r] (q − z)2
)
, (52)
〈n(E)〉 = (−1)
NN !e−E
2
(2N)!
√
pi
(
H2N (E)
N∑
k=0
(−1)kH2k(E)
k!4k
+
H2N+2(E)
4N
N−1∑
k=0
(−1)kH2k(E)
k!4k
)
. (53)
IV. SADDLE-POINT APPROXIMATION
The saddle-point approximation for the four ensembles
proeeds as in the unitary ase in general: All four en-
sembles share the saddle-points q± = x/2± i
√
1− x2/4,
p± = −iq±, r0 = 0, (x = E/
√
N). As in the unitary ase,
the points (q+, p±, r0) have to be avoided by the integra-
tion path. The utuations are quadrati in p and q and
linear in r around the two remaining SP's (q−, p±, r0).
Apart from them, we have additional SP's for the GOE
and the GSE, given in Table I.
The additional SP an not be reahed in the GOE ase
(rSP < 0) but has to be inluded for the GSE (rSP > 0).
In lass C and D there is an additional saddle-point man-
ifold at x = 0. However, our results displayed below are
obtained by onning the analysis to the standard saddle-
points, whih exist for all values of x, thereby assuming
ontinuity in the limit x → 0. In priniple this proe-
dure ould have led to an additional singularity at x = 0
similar to the divergene at the band edge. But the om-
parison with the exat DOS in these ases shows that our
assumption is indeed orret and the additional saddle-
points play no role in omputing the 1/N−expansion.
We give in the following the results for the 1/N -
expansion of the GOE, GSE and Class C/D.
7TABLE I: The additional saddle-points for the GOE and the
GSE
Ensemble p q r
GOE −i
(
x
2
± i
√
1−
x
2
4
)
x
2
x
2
4
− 1
GSE −i
x
2
x
2
± i
√
1−
x
2
4
1−
x
2
4
The orthogonal Ensemble
Lets dene the N = ∞ approximation to the DOS
of the GOE as n0(x) = (1/pi)
√
1− x2/4. Then the
1/N−expansion reads to order 1/N2
〈n(x)〉 = n0(x) − 1
N
1
8pi2n0(x)
+
1
N2
3 + x2
128pi6n0(x)5
− 1
N2
1
64pi6n0(x)5
cos [2NS0(x)− arcsin(x/2)] , (54)
with
S0(x) = 2 arcsin(x/2) + x
√
1− x2/4, (55)
S′0(x) = 2pin0(x) , (56)
analogous to the unitary ase. We observe the same fea-
tures as in the GUE ase: The number of maxima of the
osillatory part within the band −2 < x < 2 given by the
semi-irle is 2N , the total number of levels, so we have
one level per maximum. The orretion diverges lose to
the band edge as expeted. Apart from the osillatory
ontribution there is a non-osillatory ontribution of or-
der 1/N . However, the information about the level repul-
sion is enoded in the osillating part ∝ cos(2NS0(x)).
This term is of order 1/N2, whih means that the repul-
sion of levels is weaker in the GOE than in the GUE.
Formally we an write
〈n(x)〉 = n0(x) + 1
N
(non-osillating term)
+
1
Nα
(osillating term) (57)
with α = 2. For the GUE α = 1. Now the two-level
orrelation funtion R2(r) behaves for the Wigner-Dyson
Ensembles as
3
:
R2(r) ∼ rβ for r ≪ 1 , (58)
where r is the distane between two levels on a sale
orresponding to the average level spaing ∆(x) ∼ 1.
For the GUE we have β = 2 and for the GOE β = 1. We
onjeture therefore
β =
2
α
(59)
as a relation between the universal parameter β, whih
haraterizes the short distane behavior of the two-
level orrelation funtion and the exponent α of the fa-
tor 1/N , whih multiplies the osillating term in the
1/N−expansion. With this relation we an extrat from
the 1/N−expansion of the one-point funtion universal
information about the two-point funtion, whih diserns
the WD-Ensembles from eah other (whereas the DOS is
the same for all three ensembles in the limit N =∞).
The sympleti Ensemble
We have (with the same denition of n0(x) and S0(x)
as in the GOE)
〈n(x)〉 = n0(x) + 1
N
1
8pi2n0(x)
− 1
N
1
2
cos
[
NS0(x) +
1
2 arcsin(x/2)
]
(−1)N√8pi 34n0(x) 14
.(60)
Beause eah eigenvalue appears twie in a 2N×2N -
matrix from the sympleti ensemble due to Kramers
degeneray
3
, we have only N dierent eigenvalues and
therefore N maxima within the band. The osillatory
term omes with a 1/
√
N prefator, therefore α = 1/2,
whih gives with (59) the orret universal exponent
β = 4.
Class C
The 1/N−expansion yields
〈n(x)〉 = n0(x) + 1
N
1
8pi2n0(x)
− 1
N
sin [2NS0(x) + arcsin(x/2)]
4pi3xn0(x)2
. (61)
Eah element of the Class C ensemble has a spetrum
symmetri with respet to x = 0: To eah eigenvalue x
there is a state with eigenvalue−x. No matrix from Class
C has an eigenvalue zero. Therefore the DOS vanishes at
x = 0. The number of maxima in the band equals 2N ,
we have again one (non-degenerate) level per maximum.
Now the spetral region around x = 0 is dierent from
the WD-Ensembles beause there is no smooth limit of
〈n(x)〉 forN →∞: If one introdues the resaled variable
y = 2Nx/pi and onsiders the mirosopi limit x → 0,
N →∞, keeping y nite, the DOS reads
〈n(y)〉 = 1
pi
(
1− sin(2piy)
2piy
)
, (62)
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FIG. 4: The GOE and the GSE. N = 10 in both ases. The solid line is the exat DOS, the dashed line is the saddle-point
approximation.
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FIG. 5: Class C and Class D. N = 5 in both ases.The solid line is the exat DOS, the dashed line is the saddle-point
approximation.
whih oinides with the result in [2℄. In terms of y,
the orretion term is independent of N in ontrast to
the GUE, where the osillatory ontribution to the DOS
vanishes as 1/N for large N . This, however, is not a sig-
nal of an enhaned level repulsion lose to x = 0 in Class
C. It is merely due to the lak of (approximate) trans-
lational invariane in the band enter, whih is aused
by the mirror-symmetry mentioned above. In the GUE,
translational invariane is broken only through the term
proportional to exp(−∑Ni=1 λ2i ) in the joint probability
distribution of the eigenvalues λi, whih an be negleted
lose to the band enter and largeN . Therefore the osil-
latory struture in 〈n(x)〉 is smeared out by the summa-
tion over all members of the ensemble, whereas in Class C
the quotient of the probability to nd a level at the rst
maximum respetive the rst minimum of 〈n〉 is inde-
pendent of N . The spetrum is therefore more rigid near
x = 0. The two-level orrelation funtion R2(y1, y1 + y)
behaves for 0 < y1, y ≪ 1 nevertheless as y2 and belongs
therefore to the unitary universality lass
2
. The orre-
tion term does not modify the marosopi behavior of
〈n〉 beause the funtion sin(Nx)/(Nx) tends to zero in
the L2−sense for N → ∞. That means that the prob-
ability to nd m states in a region of width ∆x = pim2N
around zero tends to one for 1 ≪ m ≪ N in the limit
N →∞, as in the WD-Ensembles.
Beause the 1/N -approximation is reliable everywhere
exept at the band edge, we an ompute the average
level spaing exatly in the viinity of x = 0 without
reourse to measure x (respetive y) in units of the mean
spaing at a distane of many spaings from zero
2
. In
terms of y (whih is exatly related to x and the original
variable E through N), the average spaing between the
rst and seond level > 0 is given by
〈∆y(1, 2)〉 = 1
2pi
(z4 − z2) ≈ 1 , (63)
where zk > 0 denotes the k−th zero of tan(z)− z. This
relation is valid for large N but ∆(j, j + 1) an be om-
puted via (61) for all levels j and j + 1 not too lose to
the band edge and arbitrary N .
9Class D
The same mirror-symmetry as in Class C is valid in
Class D. We have
〈n(x)〉 = n0(x)− 1
N
1
8pi2n0(x)
+
1
N
sin [2NS0(x)− arcsin(x/2)]
4pi3xn0(x)2
(64)
very similar to Class C, but now the DOS is enhaned
in the band enter beause there are always two states
with eigenvalue lose to zero. The number of dierent
maxima is 2N − 1. Again this feature vanishes in the
N = ∞−limit, beause the single additional state at
x = 0 has measure zero for vanishing average level dis-
tane ∆(E) ∼ 1/N . As in the Class C ensemble we have
α = 1 and the universal exponent is β = 2. Class D
belongs therefore with Class C to the unitary universal-
ity lass, whih determines the level repulsion even in the
immediate viinity of E = 0 e.g. for the seond and third
state away from zero.
Figures 4 and 5 give the exat DOS and the 1/N -
approximation (dashed lines) for the four Ensembles.
V. CONCLUSIONS
We have omputed the exat density of states for
the three Wigner-Dyson Ensembles as well as for Class
C and Class D by evaluating nite dimensional su-
persymmetri integrals analytially. In this way the
N →∞-limit impliit in most of the previous alula-
tions ould be avoided. The exat results were then
employed to test a 1/N−expansion, whih diers from
the usual one beause it proeeds only in the bosoni
setor whereas the fermioni setor is evaluated exatly.
The 1/N−expansion therefore does not start from a su-
persymmetri saddle-point or saddle-point manifold. It
turned out that for all ensembles only a disrete set
of saddle-points is important, whereas the saddle-point
manifold at x = 0 appearing in Class C/D is not needed
for an almost exat omputation of the DOS everywhere
in the spetrum (inluding x = 0) exept the band edge.
The 1/N−expansion revealed a onnetion between the
order α of N−1 multiplying the osillatory term of the
DOS and the universal short distane exponent β of the
two-level orrelation funtion, eq.(59). In this way we ob-
tain information about the two-point funtion from the
one-point funtion. We believe that relation (59) is al-
ways fullled, if the spetrum is approximately transla-
tional invariant, i.e. R2(x1, x2) depends only on x2−x1
(this is impliit in all alulations using an unfolding pro-
edure). At points in the spetrum where this invariane
is broken (as at x = 0 for Class C/D) the two-point fun-
tion has to be alulated itself, whih an, of ourse, also
be done with our method.
The 1/N−expansion of the DOS yields an unambigu-
ous determination of the average level spaing ∆(E) in
terms of E and N everywhere in the spetrum inluding
x = 0 for all ensembles. For Class C/D we onlude that
the speial features of the DOS at the band enter vanish
in the marosopiN →∞−limit and are of no relevane
if the bandwidth is kept nite.
The other Gaussian ensembles are under urrent inves-
tigation. It should also be possible to extend the method
to non-Gaussian matrix models, see e.g. [7℄, whih are
diult to treat with orthogonal polynomials. Here it
would be interesting to test the results obtained in the
large N−limit using singular integral equations by om-
paring with the exat formulae for nite N and the sys-
temati 1/N−expansion.
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